Introduction.
It is well known that the developable surfaces of the congruence of normals to a surface intersect the surface in its lines of curvature. One may inquire if there exist congruences other than the congruence of normals to a surface the developables of which intersect the surface in its lines of curvature. It is the chief aim of this paper to give an affirmative answer to this query. The exhibition of a congruence of the required variety depends upon the solution of a partial differential equation of Laplace-a circumstance which occurs frequently in problems of differential geometry.
The notation employed here is that of Eisenhart, 1 with the exception that T a py will be used for the Christoffel symbol of the second kind. Greek letters will take the range 1,2, and Latin letters the range 1, 2, 3. The convention of the tensor analysis as to summation on repeated indices will be observed. 2 ), together with their partial derivatives to the second order, are understood to be continuous at any point P of the surface. A unique line X of a congruence A is determined at each point P of the surface S by the direction cosines (1) X* = XV, w 2 ), X*X* = 1, where the functions X* and their first partial derivatives are continuous at points of the surface under consideration. The functions X* may be expressed in terms of the direction numbers x\ a (a = l, 2) of the tangents to the coordinate curves on the surface through P, and the direction cosines X 1 of the normal to the surface at P. Thus, (2) X* = p a x\ a + qX\ where p a are the con tra variant components of a vector in the surface at P, q is a positive scalar function, and x\ a denotes covariant Presented to the Society, November 24, 1945; received by the editors June 20, 1945. 1 Eisenhart, Differential geometry, Princeton University Press, 1940. differentiation of x* with respect to u a , based on the first fundamental tensor g^-x^aX 1^ of the surface 5. On using (2) and the second of equations (1) If Ö is the angle between the normal to 5 at P and the line X of the congruence A at P, it follows from (3) that
Thus, from equation (3), it is seen that the length of the vector with contravariant components p a is sin 0. That is, the last of equations (3) Differentiation of X*V = 1 yields X*X\« = 0, which can be written, by use of (2) and (4), in the form
Because q does not vanish, h y may be written for p y /q, so that equation (6) takes the form
2. Developables of the congruence and their intersections with the surface. In order to arrive at the differential equation of the two oneparameter families of curves on the surface 5 in which the developables of the congruence A intersect the surface, take a point with coordinates #*+/X* on the line X through P on 5, and let P move along a curve C: u a = u a (s) on S for which the point with coordinates x i +t\ i will describe a curve tangent to the line X. This requires that
where m is to be determined. Multiplication of equation (8) by means of which equation (8) becomes dx* + «X* = X*(X *<***),
From equations (2), (4), (7), it is observed that Multiplication of equation (9) by X 1 ,/?, together with use of equations (10), (11), (12), yields
where G a/ 3 is an abbreviation for
Elimination of the parameter / from equations (13) <r is defined by 612= 1, 621 =-1, en = 022 = 0, the last member of (17) takes the form
Thus, on rejecting the nonvanishing factors /*, g, equation (16) follows. A necessary and sufficient condition 8 that the intersector net given by (16) be a conjugate net is that ea*Qf$ -hfv fi )d<* = 0, which, by use of (5) and (7), can be written in the form
Thus, a necessary and sufficient condition that the congruence have the property that its inter sector net on S be a conjugate net is that the parameters h a of the congruence satisfy the partial differential equation of first order
(19) ***%<** = 0.
The intersector net on S is orthogonal, if, and only if, <W(M*/? -hrvdg** = 0. Again, by use of (5) and (7), and the identical vanishing of the term e y pdairg! ry g ap i it is found that a necessary and sufficient condition for the orthogonality of the intersector net on S is that the parameters h« of the congruence A satisfy
It is to be observed that if A is the congruence of normals to 5 (i'sO), then equations (19) On multiplying equation (5) by gp yt it follows from equation (21) that a necessary and sufficient condition for the congruence A to be a normal congruence is that Pa,0 = p0,a. (16) that the intersector net is the parametric net on S if, and only if,
Congruences for which the intersector net coincides with the lines of curvature net. It follows from equation
which, by means of equations (5) It is to be required next that the parametric intersector net be the lines of curvature net on the surface .S. For this, it is necessary and sufficient that £12 = ^12 = 0. In this case, both of equations (25) reduce to the single equation of Laplace (26) (^X*),« = 0 (y^a).
Equation (26) To the solution oe(u l , w 2 )=constant, of equation (28), there corresponds the congruence of normals to the surface 5.
It should be oberved that if gn is a function of u 1 alone, or if g 2 2 is a function of u 2 alone, then a solution of equation (28) can be obtained by quadratures.
5. Coincidence of the intersector net with the asymptotic net on the surface. The intersector net may be required to coincide with a net other than the lines of curvature. For example, in case the asymptotic net on S is parametric, dn = d 22 = 0, so that if the intersector net is required to coincide with the asymptotic net, equations (25) 
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In a note under the same title (Bull. Amer. Math. Soc. vol. 51 (1945) pp. 598-600) it was shown that there does not exist in the plane an infinite set of noncollinear points with all mutual distances integral.
It is possible to give a shorter proof of the following generalization: if A, By C are three points not in line and k= [max BC) ], then there are at most 4(& + l) 2 points P such that PA -PB and PB -PC are integral. For | PA -PB\ is at most AB and therefore assumes one of the values 0, 1, • • • , k, that is, P lies on one of k + 1 hyperbolas. Similarly P lies on one of the k + 1 hyperbolas determined by B and C. These (distinct) hyperbolas intersect in at most 4(& + l) 2 points. An analogous theorem clearly holds for higher dimensions.
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